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Abstract

In this paper, we develop a distributed design method for power system stabilizers (PSSs) that improve damping
performance for deflections caused by contingencies in a power grid in which large-scale PV penetration is introduced.
We suppose that there are multiple independent system operators in a grid and each system operator designs a PSS based
on the corresponding subsystem model information alone. The controller design method for PSSs under the restriction
on available model information is called distributed design. Although practical distributed design methods are typically
based on single-machine infinite-bus system, the problem here is that the designed controller possibly destabilizes the
grid. In this paper, we propose a novel distributed design method for power grids based on retrofit control theory. The
designed PSS can theoretically guarantee the stability of power grids and also improves damping performance. Through
a numerical example for the IEEJ EAST 30-machine power system, the effectiveness of our proposed method is verified
compared with the conventional method.
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1. Introduction

Towards development of smart grids, the use of re-
newable power generation systems such as photovoltaic
(PV) generators has become increasingly popular [Blaab-
jerg et al. (2017)]. In Japan, the number of installed
PV power generators is rapidly growing after the imple-
mentation of the feed-in tariff (FIT) scheme [Ministry of
Economy, Trade, and Industry (2017a)], and the cumula-
tive level of PV installations is expected to reach 64GW
by 2030, covering approximately 7% of the entire energy
consumption [Ministry of Economy, Trade, and Industry
(2015)]. Such large-scale penetration of PV generators
possibly causes the operation stoppage of some pre-existing
synchronous generators in order to keep supply-demand
balance. In [Eftekharnejad et al. (2013); Tamimi et al.
(2013); Blaabjerg et al. (2006)], it has been pointed out
that the reduction of the number of pre-existing genera-
tors poses a threat to power system stability because the
poor controllability of PV leads to grid instability [Blaab-
jerg et al. (2004)]. From this viewpoint, it is required to
develop a systematic method for designing power system
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stabilizers (PSSs) that can enhance the stability of PV-
integrated power systems.

One approach to this objective would be to use dis-
tributed control [Etemadi et al. (2012), Ortega et al. (2005),
Dörfler et al. (2014)], where each local control action is
determined only by local measurement output, such as lo-
cal frequency deviation. Although in the above PSS de-
sign, all the controllers are jointly designed with access to
a model of the entire system, it is impossible to obtain
the entire power system model because power systems are
highly large-scale and complex. Therefore, this type of
entire-model-based approach is not very suitable for the
control of power systems.

Recently, a new notion called distributed design has
been proposed [Langbort and Delvenne (2010)]. This no-
tion is the controller design in which local controllers are
individually designed by using partial models of the en-
tire system and their control actions are individually de-
termined by local feedback from the corresponding sub-
systems. In other words, not only the controllers’ action,
but also their design is performed for individual subsys-
tems. Hence, this distributed design approach is suitable
for the control of large-scale systems. Indeed, typical con-
troller design approaches taken in the power community

Preprint submitted to Control Engineering Practice August 7, 2018



can be regarded as special cases of this distributed de-
sign. Such an example is PSS design based on the single-
machine infinite-bus model in which the dynamical behav-
ior of the grid is completely neglected [Wang and Swift
(1997)]. However, such typical PSS design does not the-
oretically guarantee the stability of the entire power sys-
tem. Although existing power grids are stably operated
by conventional PSSs, especially for future power grids
PSS design should take an approach based on distributed
design methods that can guarantee the entire system sta-
bility theoretically.

As a practical distributed design method, the authors
in [Ishizaki et al. (2018)] have proposed a new control con-
cept, retrofit control. The target system of retrofit control
is a network system in which there are multiple operators
each of who manages the corresponding subsystem using
a local controller so that the entire system is stable. Con-
sider a situation where operators attempt to retrofit an
additional controller to the network for transient response
improvement. The proposed retrofit control enables the
operators to achieve distributed design.

In this paper, we show how retrofit control works for
PSS design of PV-integrated power grids. The existing
method in [Ishizaki et al. (2018)], however, treats the sys-
tems where feedthrough terms from interconnection sig-
nals to measurement signals do not exist and thus cannot
be applied to power systems directly. To overcome this dif-
ficulty, we extend the existing retrofit control so as to be
applicable for power systems. We see numerically that the
proposed approach effectively works for enhancing damp-
ing performance of the controlled grid.

This paper builds on the preliminary version [Sasahara
et al. (2017)], where we have introduced the fundamental
idea of retrofit control for power systems. While PV is not
considered in the system treated in [Sasahara et al. (2017)],
we introduce PV plants and consider PSS design for PV-
integrated power systems. Further, this paper provides
rigorous theory of retrofit control that realizes distributed
design for power systems. The numerical simulation here
is performed for a more realistic power system model than
the model used in our conference paper [Sasahara et al.
(2017)].

The remainder of this paper is organized as follows. In
Section 2, we describe a state-space model of the electric
power system. In Section 3, we mathematically formulate
the controller design problem. Moreover, we propose a
distributed design method for local controllers based on
retrofit control. To demonstrate the effectiveness of our
proposed method, numerical simulation for PV-integrated
IEEJ EAST 30-machine power system [The Institute of
Electrical Engineers of Japan Power and Energy (2016)],
called EAST30 model for short, is shown in Section 4.
Section 5 draws conclusion.

Notation. We denote the set of real numbers by R, the set
of complex numbers by C, the identity matrix by I, the
transpose of a vector x and a matrix A by xT and AT,

respectively, the spectrum of a matrix A by σ(A), the Eu-
clidean norm of a vector x by ∥x∥, the 2-induced norm of
a matrix A by ∥A∥, the vector where x,y and xi, i ∈ I
are arranged in vertical by col(x,y) and col(xi)i∈I , respec-
tively, and the cardinality of a set I by |I|. The complex
variables are described in bold italic fonts, e.g., x. The
imaginary unit is denoted by j :=

√
−1, the conjugate of

x by x∗, the absolute value of x by |x|, the angle of x by
∠x, and the real (imaginary) value of x by Re x (Im x).
Denote the L2-norm of a square-integrable function f(t)
by

∥f(t)∥L2 :=

√∫ ∞

0

∥f(t)∥2dt,

and the H2-norm and the H∞-norm of a transfer matrix
G(s) by

∥G(s)∥H2 :=

√
1

2π

∫ ∞

−∞
tr (G(jω)G(jω)T) dω

and
∥G(s)∥H∞ := sup

ω∈R
∥G(jω)∥,

respectively. Throughout the paper, all physical quanti-
ties, e.g., the rotor angular speed ω, are in per unit unless
otherwise stated, and all symbols with superscript ⋆ de-
note setpoints, e.g., V ⋆ is the setpoint of V .

2. Modeling of PV-integrated Power Systems

We first describe a state-space model of an electric
power system consisting of power plants, consumers, PV
generators, and transmission facilities of the EAST30 model
[The Institute of Electrical Engineers of Japan Power and
Energy (2016)]. In the modeling, neighboring power plants,
consumers, and PV generators are considered to be aggre-
gated ones called generator, load, and PV power plant,
respectively. Those aggregated units are interconnected
via buses. In this paper, the term non-unit buses refers
to the buses to which any units are not attached, and the
term component refers to either a unit with its bus or the
non-unit bus.

Let N be the number of the buses existing in the power
system. For k ∈ N where N := {1, . . . , N}, the dynamics
of the k-th component is described as

Σ[k] :

{
ẋ[k]= f[k](x[k],v[k], i[k], us,[k], u[k])
0 = g[k](x[k],v[k], i[k])

(1)

where x[k] is the state of the k-th component, us,[k] is the
supplementary control input defined below, u[k] is the con-
trol input, and i[k] and v[k] are the bus current and voltage,
respectively.

The interconnection of the network of the power system
is described by

i = Y v (2)

2



where i := col(i[i])i∈N,v := col(v[i])i∈N, and Y ∈ CN×N

is the admittance matrix. It should be emphasized that Y
represents the network structure of the power grid.

The entire power system model can be described as
the combination of (1) and (2). The remainder of this
section is devoted to present models of generators, loads,
PV power plants, and non-unit buses in the form of (1). In
the following, the index set of the buses connecting to the
generators, loads, PV power plants, and non-unit buses
are denoted by NG,NL,NP, and NN, respectively. Those
sets are disjoint and NG ∪ NL ∪ NP ∪ NN = N holds.

2.1. Synchronous Generator

We describe a generator model of the EAST30 model
in the form of (1). Typically, a generator consists of a syn-
chronous machine, an excitation system with automatic
voltage regulator (AVR), and a turbine with governor [Kun-
dur (1994)]. The basic function of the excitation system is
to provide current to the synchronous machine, that of the
turbine with governor is to generate a mechanical power
to rotate the machine, and the synchronous machine is in
charged of changing the mechanical power to the electri-
cal power and transmits the generated mechanical power
to the grid.

For k ∈ NG, the dynamics of the synchronous machine
connecting to the k-th bus is described as

δ̇[k] = ωω[k]

ω̇[k] =
1

M[k]

(
1

1 + ω[k]
Pm,[k] − vT

[k]i[k]

)
ψ̇[k]= Aψ[k]ψ[k] +Bψ[k]i[k] +BV [k]Vfd,[k]
v[k] = Cψ[k]ψ[k] +Dψ[k]i[k]
v[k] = comp(Tδ[k]

v[k])

i[k] = comp(T−1
δ[k]

i[k])

, k ∈ NG

(3)
where δ[k] is the rotor angle relative to the frame rotat-
ing at the constant reference speed ω := 100π (rad/sec),
ω[k] is the rotor angular velocity relative to ω, ψ[k] in-
cludes the magnetic flux associated with the field circuit,
d-axis damper windings, q-axis damper windings, Pm,[k]

is the mechanical power input, Vfd,[k] is the field volt-
age, and i[k] and v[k] are the stator current and the stator
voltage, respectively. The inertia constant is denoted by
M[k] (sec) and comp(·) denotes the transformation from
a two-dimensional real vector to the corresponding com-
plex number by comp(z) := [1 j]z. Furthermore, Tδ[k]

is
defined by

Tδ[k]
:=

[
sin δ[k] cos δ[k]

− cos δ[k] sin δ[k]

]
that represents the coordinate transformation matrix from
the coordinate system rotating at each generator’s own
frequency to the coordinate system rotating at the rated
frequency. Note that the dynamics (3) corresponds to the
coordinate system that rotates at the rotational speed ω[k].

The dynamics of the turbine with governor is described
as{

ζ̇[k] = Aζ[k]ζ[k] +Bζ[k]ω[k] +Rζ[k](P
⋆
m,[k] + us,[k])

Pm,[k]= Cζ[k]ζ[k]
(4)

where ζ[k] ∈ R4 is the state of the turbine with gover-
nor, P ⋆

m,[k] is the mechanical power in the steady state,
and us,[k] denotes the supplementary generation control
action under automatic generation control (AGC) [Kun-
dur (1994)]. Employing AGC, we regulate frequency to
a specified nominal value regarding the entire network as
a single area. The supplementary generation control is
constructed by integrating the aggregated frequency devi-
ation [Kundur (1994)] and hence

us,[k](t) = κsa[k]

∫ t

0

∑
k∈NG

ω[k](τ)dτ (5)

where κs denotes a feedback gain, a[k] denotes a scaling
factor, and the aggregated frequency deviation

∑
k∈NG

ω[k]

is called an area control error. Further we assume that the
parameters in (5) are chosen such that the entire system
is stable for the case u[k] = 0.

The model of the excitation system with AVR is given
by

η̇[k] = Aη[k]η[k] +Bη[k](∥v⋆
[k]∥ − ∥v[k]∥+ u[k])

+Rη[k]V
⋆
fd,[k]

Vfd,[k]= Cη[k]η[k]

(6)

where η[k] ∈ R3 is the state of the excitation system with
AVR, v⋆

[k] is the steady voltage, V ⋆
fd,[k] is the steady field

voltage, and u[k] is the control input from PSS. The exci-
tation system with AVR has the role to provide current to
the synchronous machine.

By combining (3), (4), and (6), we obtain the syn-
chronous generator model in the form of (1) where

x[k] := col(δ[k], ω[k],ψ[k], ζ[k],η[k]) ∈ R13, k ∈ NG

and f[k](·, ·) and g[k](·, ·) follow from (3), (4), and (6). The
signal-flow diagram of this generator model is shown in
Figure 1. In the generator, the measurement output is set
to be

y[k] := col(ω[k],v[k]).

The specific values of the parameters of synchronous gen-
erators are shown in Appendix.

2.2. Load, PV power plant, and Non-unit Bus

In this paper, we adopt constant impedance load mod-
els [Hatipoglu et al. (2012)]. For k ∈ NL, the k-th load
satisfies

i[k] = Y [k]v[k], k ∈ NL (7)

where Y [k] is the admittance of the load connected to the
k-th bus. Consequently, the load model in the form of (1)
can be described as a static system with the output (7).
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Figure 1: Signal-flow diagram of the generator model.

The model of all the PV generators inside each PV
power plant is assumed to be identical for simplicity, and
the total power injected from the PV power plant is ob-
tained by summing the power output of the individual PV
generators. The individual PV generator consists of a PV
panel, a direct current (DC) /DC converter with a max-
imum power point tracking (MPPT) controller, and an
inverter with a controller [Subudhi and Pradhan (2013)].
Owing to the MPPT controller, the output power of the
DC/DC converter is kept constant. Because the time-
scale of the inverter is made sufficiently fast by the con-
troller [Yuan et al. (2017)], one can assume that the PV
generators are modeled as constant power sources. As a
result, for k ∈ NP, the k-th PV power plant satisfies

i∗[k]v[k] = p
const
[k] , k ∈ NP (8)

where pconst[k] is a constant of the generated power. The PV

power plant model in the form of (1) can be described as
a static system.

For k ∈ NN, the k-th non-unit bus must satisfy Kirch-
hoff’s law, i.e., the sum of the current flowing the trans-
mission lines connecting to the non-unit bus must be zero.
The current of the non-unit bus satisfies

i[k] = 0, k ∈ NN. (9)

The non-unit bus model in the form of (1) can be described
as a static system with the output (9).

2.3. System Description

Let us suppose that there exist multiple independent
system operators (ISOs) in the power grid and each com-
ponent is managed by one of the ISOs. Let L be the index
set of ISOs and Il be the index of the managed components
by the l-th ISO and then∪

l∈L

Il = N,

holds under the assumption that there is no overlap.

Let Σ
(nl)
l be the nonlinear dynamics of the components

managed by the l-th ISO. The dynamics Σ
(nl)
l can be de-

scribed as

Σ
(nl)
l :

 ẋl= fl(xl,vl, il,us,l,ul)
0 = gl(xl,vl, il)
yl= hl(xl,vl, il)

(10)

where

xl := col(x[k])k∈Il
, vl := col(v[k])k∈Il

,
il := col(i[k])k∈Il

, us,l := col(us,[k])k∈Il
,

ul := col(us,[k])k∈Il
, yl := col(y[k])k∈Il

,

and fl and gl correspond to the dynamics of the compo-
nents managed by the l-th ISO. From (2), il can be repre-
sented as

il =
∑

m∈Nl

Y lmvm (11)

where Nl is the neighborhood of the components managed
by the l-th ISO and Y lm is the corresponding admittance
matrix. With (11), (10) can be described as

Σ
(nl)
l :


ẋl= fl

(
xl,vl,

∑
m∈Nl

Y lmvm,us,l,ul

)
0 = gl

(
xl,vl,

∑
m∈Nl

Y lmvm
)

yl= hl

(
xl,vl,

∑
m∈Nl

Y lmvm
) (12)

By linearizing the system (12) around an equilibrium point,
we obtain the following linear model

Σl :


ẋl= Alxl + Ll

∑
m∈Nl

Y lmvm +Bs,lus,l +Blul

0 = Γlxl +Λl

∑
m∈Nl

Y lmvm
yl= Clxl +Dl

∑
m∈Nl

Y lmvm.

(13)
We treat the linear model (13) in the following discussion.

Our aim in this paper is to design PSSs that improve
the damping performance against faults in the power grid.
Since, in practice, it is almost impossible to obtain the
whole system model, we do not assume that the complete
system model of the entire system is available. Instead, it
is assumed that only the model information of the subsys-
tem of interest is available for design of the corresponding
local controllers. The controller design under the model
information restriction is called distributed design [Lang-
bort and Delvenne (2010)].

One simple approach of distributed design is to apply a
standard controller design technique, e.g., H2 optimal con-
trol, for the subsystem of interest by regarding the grid
as a single-machine infinite-bus system [Wang and Swift
(1997)]. However, as seen in the numerical simulation in
Section 4, the entire system is possibly destabilized by the
simple approach. Therefore, a systematic approach for the
controller design method is crucial. In the next section, we
propose a design procedure for effective PSSs that theo-
retically guarantee the entire system stability and improve
damping performance based on retrofit control.
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3. PSS Design via Retrofit Control

In this section, we first mathematically formulate the
PSS design problem mentioned in the previous section.
Next, we briefly review the theory of retrofit control that
is the key to solving the formulated problem. We finally
propose a PSS design method based on retrofit control.

3.1. Problem Formulation

The objective of each ISO is to enhance damping per-
formance of each corresponding system against possible
faults. More specifically, let Xl be the set of possible initial
value variations of xl. We consider designing a controller
that generates ul such that

∥xL(t)∥L2 ≤ γεl, ∀l ∈ L (14)

for any xl(0) ∈ Xl and xL(0) = [0T · · · xl(0)
T · · · 0T]T

where
xL := col(xl)l∈L, (15)

εl is a given desired control criterion, and γ > 0 is an
independent constant of ul. It should be notable that local
initial deflection is considered for the l-th ISO.

For controller implementation we place a restriction
that the local measurement signal yl, the interconnection
signals {vm}m∈Nl

, and the supplementary control input
us,l alone can be utilized as feedback signals to generate
the control input ul of PSS. In other words, each control
input of PSS can be represented as

ul = Kl(yl, {vm}m∈Nl
,us,l), l ∈ L (16)

with a controller Kl. Furthermore, for controller design we
place another restriction that each controllerKl is designed
depending only on their corresponding system parameters,
namely, the elements of the set

Θl := {Al,Bs,l,Bl,Cl,Dl,Ll,Γl,Λl, {Y lm}m∈Nl
}.

On the basis of the formulations above, we address the
following problem.
Problem: Consider the network system composed of Σl for
l ∈ L whose dynamics is given by (13). Assume that the
system is stable (13) when ul = 0 for any l ∈ L. Find Kl

in (16) for l ∈ L such that the following requirements are
satisfied:

1. The closed-loop system composed of {Σl}l∈L in (13)
and {Kl}l∈L in (16) is stable.

2. The performance criterion (14) is satisfied.

3. Each control input can be represented as (16).

4. Each controller Kl is designed based only on their
corresponding system parameters of Θl.

3.2. Overview of Retrofit Control

In this subsection we briefly review the theory of retrofit
control [Ishizaki et al. (2018)] that is the key to solving the
formulated problem.

We first show the important lemma for the following
discussion.

Lemma 1. For the system{
ẋ= Ax+Bu0 + B̂u
y= Cx,

(17)

consider the system{
˙̂
ξ= Âξ̂ + B̂ŵ

ξ̇= Aξ + (A− Â)ξ̂ +Bw
(18)

where Â is an arbitrary matrix whose size is compatible
with A. Assume x(0) = ξ(0) + ξ̂(0) and u0 = w and
u = ŵ then

x(t) = ξ(t) + ξ̂(t), ∀t ≥ 0 (19)

holds for any inputs w and ŵ.

Proof: Taking the sum of the upper and lower part of (18)
yields

ξ̇(t) +
˙̂
ξ(t) = A

(
ξ(t) + ξ̂(t)

)
+Bw + B̂ŵ.

From the assumption on the initial value, (19) holds. □
Lemma 1 indicates that the state of the system (17)

can be represented as the sum of the states ξ and ξ̂ of
the system (18). Based on Lemma 1, stability and per-
formance analysis on x can be reduced to that on ξ and
ξ̂.

We assume that a controller forw = u0 is implemented
in advance and the controller can be represented as

ξ̇c= Acξc +Bcy

= Acξc +BcC(ξ + ξ̂)
w= Ccξc +Dcy

= Ccξc +DcC(ξ + ξ̂),

(20)

where the subscript c denotes “controller.” Then the dy-
namics of ξ and ξc can be given by[

ξ̇

ξ̇c

]
= ACL

[
ξ
ξc

]
+R0ξ̂

where

ACL :=

[
A+BDcC BCc

BcC Ac

]
, R0 :=

[
A− Â+BDcC

BcC

]
and the subscript CL denotes “closed-loop.” We next show
the lemma for controller design to guarantee the stability
of the system (18).
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Lemma 2. Assume that ACL is a stable matrix. Consider
the controller

κ :

{
˙̂
ξc= Âcξ̂c + B̂cĈξ̂

ŵ= Ĉcξ̂c + D̂cĈξ̂
(21)

where Ĉ := C. If the matrix

ÂCL :=

[
Â+ B̂D̂cĈ B̂Ĉc

B̂cĈ Âc

]
is stable, then the closed-loop system (18) with the con-
trollers (20) and (21) is stable.

Proof: The closed-loop system is written by
˙̂
ξ
˙̂
ξc
ξ̇

ξ̇c

 =

 ÂCL

[
O O
O O

]
[
R0 O O

]
ACL



ξ̂

ξ̂c
ξ
ξc

 .
Since the matrix is block triangle, we have

σ

 ÂCL

[
O O
O O

]
[
R0 O O

]
ACL


= σ(ÂCL) ∪ σ(ACL).

From the assumption that ACL is stable, the closed-loop
system is stable. □

Lemma 2 indicates that the system (18) with the con-
troller (20) is stabilized by the controller (21) if the con-
troller (21) stabilizes the upper part of (18) under the as-
sumption that the system (17) with (20) is stable. In other
words, the stability of the cascaded system is guaranteed
by the controllers that stabilize the dynamics only of ξ̂.
Consequently, if the control input generated by κ can be
obtained then the original state x can be stabilized by us-
ing the input, because x can be expressed as the sum of ξ
and ξ̂. A specific methodology to create the control input
of κ will be discussed in the next subsection.

We finally show the following lemma on control perfor-
mance.

Lemma 3. Assume that ÂCL is stable and set ξ̂(0) =
x(0) and ξ(0) = 0. With the controller (21), the L2-norm
of x can be evaluated as

∥x(t)∥L2 ≤ γ0ε̂

where

γ0 := ∥[I O](sI−ACL)
−1R0 + I∥H∞ ,

ε̂ := ∥eÂCLtξ̂(0)∥L2 .

Proof: Let x(s), ξ(s), and ξ̂(s) be the Laplace-transformed

functions of x(t), ξ(t), and ξ̂(t). From Lemma 1, the in-
equality

∥x(t)∥L2 = ∥x(s)∥H2

= ∥ξ(s) + ξ̂(s)∥H2

= ∥[I O](sI−ACL)
−1R0ξ̂(s) + ξ̂(s)∥H2

≤ γ0∥ξ̂(s)∥H2

= γ0ε̂

holds. □
Note that γ0 is independent of the controller and ε̂

depends only on ÂCL. From this fact we see that the L2-
norm of the state is improved in the sense of the upper
bound by designing a controller that can be designed only
with Â, B̂, and Ĉ and makes ε̂ small.

3.3. Proposed PSS Design Procedure

In [Ishizaki et al. (2018)], a controller design method
that satisfies the requirements of Problem has been pro-
posed for the following system

ẋl= Alxl +Blul + Ll

∑
m∈Nl

Ylmvm

vl= Γlxl

yl= Clxl.

On the other hand, the dynamics of each synchronous
generator has feedthrough terms in the outputs as shown
in (13) and the existing method in [Ishizaki et al. (2018)]
cannot be directly applied to the power system. In this
subsection, we extend the result in [Ishizaki et al. (2018)]
to power grids and give a solution to Problem.

We first consider designing κ in (21). From (13), we
have

vL = ΠLxL (22)

where xL is the states of the whole system defined by (15),
and

vL := col(vl)l∈L, ΠL := −(ΛLY L)
−1ΓL,

ΛL := diag(Λl)l∈L, ΓL := diag(Γl)l∈L.

Substituting (22) to (13), we obtain the entire system
model

ΣL :


ẋL = ALxL +Bs,Lus,L +BLuL
yL = CLxL
ẋs = CsxL
us,L= κsaxs

(23)

where

uL := col(ul)l∈L, yL := col(yl)l∈L,
AL := diag(Al)l∈L + LLY LΠL,
BL := diag(Bl)l∈L, Bs,L := diag(Bs,l)l∈L,
LL := diag(Ll)l∈L,
CL := diag(Cl)l∈L +DLY LΠL,
DL := diag(Dl)l∈L,

(24)

xs is the state of the supplementary controller, Cs is the
matrix associated with the aggregated frequency devia-
tion, a := col(a[k])k∈Ng , and us,L := col(us,l)l∈L.

Let us decide matrices Ac,l,Bc,l,Cc,l,Dc,l for l ∈ L so
as to satisfy

∥eÂCL,ltxl(0)∥L2 ≤ εl, ∀xl(0) ∈ Xl (25)

where

ÂCL,l :=

[
Al +BlDc,lCl BlCc,l

Bc,lCl Ac,l

]
.
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This design problem becomes a standard H2 suboptimal
control problem that is easy to solve. We here show the
following theorem.

Theorem 1. For the system (13), design κl so as to sat-

isfy (25). Define Â, B̂, and Ĉ as

ÂL := diag(Al)l∈L, B̂L := diag(Bl)l∈L,

ĈL := diag(Cl)l∈L,

set
γ := ∥[I O](sI−AL,CL)

−1R+ I∥H∞

where

AL,CL :=

[
AL Bs,Lκsa
Cs O

]
, R :=

[
AL − ÂL

Cs

]
,

and design the controller (21) by

Ac := diag(Ac,l)l∈L, Bc := diag(Bc,l)l∈L
Cc := diag(Cc,l)l∈L, Dc := diag(Dc,l)l∈L.

Then the performance criterion (14) is satisfied.

Proof: Since ξ̂(0) = x(0),

∥eÂcltξ̂(0)∥L2 =
∑
l∈L

∥eÂCL,ltxl(0)∥L2 .

Therefore, for any xl(0) ∈ Xl,

∥eÂCLtξ̂(0)∥L2 = ∥eÂCL,ltxl(0)∥L2

holds for x(0) = [0T · · · xl(0)
T · · · 0T]T. From Lemma 3,

we have

∥xL(t)∥L2 ≤ γ|eÂCLtξ̂(0)∥L2

= γ∥eÂCL,ltxl(0)∥L2 .

From the assumption, for any xl(0) ∈ Xl,

∥x(t)∥L2 ≤ γεl

holds. □
Theorem 1 gives a design policy for Ac,l,Bc,l,Cc,l,Dc,l

such that the performance criterion is satisfied. Follow-
ing the above procedure, we can design κl under the dis-
tributed design restriction.

We next consider implementation of the designed con-
trollers. Because the input is Ĉξ̂ in (21) and ξ̂ is a virtual
variable, the signal cannot be utilized as a measurement
signal even if the entire state xL can be measured. To
tackle this problem, by the coordinate transformation[

xL
x̂L

]
=

[
I I
O I

] [
ξ̂
ξ

]
(26)

we consider the system
ẋL = ALxL +Bs,Lus,L +BLuL
ẋs = CsxL
us,L= κsaxs

˙̂xL = ÂLx̂L + (AL − ÂL)xL +Bs,Lus,L.

(27)

By the inverse of the coordinate transformation (26), ξ̂ =
xL − x̂L holds. Hence if x̂L in (27) can be generated in a
distributed manner then the control input in (21) can be
generated by using x̂L. We call a system that generates x̂
an output rectifier and consider designing and implement-
ing a distributed output rectifier.

Notice that

AL − ÂL = LLY LΠL.

Because AL − ÂL does not have block diagonal structure
and (AL − ÂL)xL cannot be generated from xL in a dis-
tributed manner, a distributed output rectifier that gen-
erates x̂L using xL cannot be designed and implemented.
To avoid this issue, consider using not the state xL but the
interconnection signal vL. Note the relationship

(AL − ÂL)xL= LLY LΠLxL
= LLY LvL
= col

(
Ll

∑
m∈Nl

Y lmvm
)
l∈L .

(28)

We then have the following theorem employing the rela-
tionship (28).

Theorem 2. Consider the systems (27) and
ẋL = ALxL +Bs,Lus,L +BLuL
ẋs = CsxL
us,L= κsaxs

˙̂xl = Alx̂l + Ll

∑
m∈Nl

Y lmvm +Bs,lus,l, l ∈ L.

Set the initial values x̂L(0) = 0, x̂l(0) = 0, l ∈ L and then
for any uL

x̂L(t) = col(x̂l(t))l∈L, ∀t ≥ 0

holds.

Proof: Define the error signal by ê := x̂L − col(x̂l)l∈L.
From (22), (24), and (28), we have

˙̂e = ÂLê.

From the initial conditions, ê(t) = 0 for any t ≥ 0. Hence,
x̂L(t) = col(x̂l(t))l∈L for any t ≥ 0. □

From Theorem 2, the output rectifier

Cl :
{

˙̂xl= Alx̂l + Ll

∑
m∈Nl

Y lmvm +Bs,lus,l,
ŷl= yl − (Clx̂l +Dl

∑
m∈Nl

Y lmvm),
l ∈ L

(29)
can create the signal

Ĉξ̂= Ĉ(xL − col(x̂l)l∈L)
= ŷL

where ŷL := col(ŷl)l∈L and generate the control input
in (21).

At last, under the initial conditions x(0) = ξ̂(0), ξ(0) =

0, x̂l(0) = 0, l ∈ L, letting A = AL,B = Bs,L, B̂ = BL,

7



Figure 2: Block diagram of the local system structure composed of
Σl, Cl, and κl.

and C = CL we have an equivalent system composed of
Σl, Cl, κl, l ∈ L to the closed-loop system (18) with (21),
where Σl is given by (13), Cl is given by (29), and

κl :

{
ẋc,l= Ac,lxc,l +Bc,lŷl

ul,l = Cc,lxc,l +Dc,lŷl
, l ∈ L. (30)

It is seen that κl can be designed only with the parameters
Al,Bl,Cl, and Dl from (25) and Cl and κl can be designed
and implemented in a distributed manner from (29) and
(30). Figure 2 illustrates the block diagram associated
with Σl, Cl, and κl.

Summarizing the discussion above, we finally reach a
solution to Problem. Design the parametersAc,l,Bc,l,Cc,l,
and Dc,l so as to satisfy (25). Construct the controller
Kl(yl, {vm}m∈Nl

,us,l) as

Kl :


Cl :

{
˙̂xl= Alx̂l + Ll

∑
m∈Nl

Y lmvm +Bs,lus,l

ŷl= y − (Clx̂l +Dl

∑
m∈Nl

Y lmvm)

κl :

{
ẋc,l = Ac,lxc,l +Bc,lŷl

uc,l= Cc,lxc,l +Dc,lŷl.
(31)

It can be confirmed that the requirements of Problem are
satisfied as follows.

1. Since the system with the supplementary controller
is stable, Lemma 2 indicates the stability of the closed-
loop system.

2. From the equivalence between the obtained closed-
loop system and the system (18) with (21), Theo-
rem 1 implies that (14) holds.

3. The controller (31) utilizes only yl, {vm}m∈Nl
, and

us,l.
4. From the form of Cl and the design procedure of
κl, every controller can be designed in a distributed
manner only with the local parameters in Θl.

4. Simulation

In this section, we confirm that the proposed retrofit
control effectively works to enhance damping performance

of power grids. We consider the PV-integrated EAST30
model, which is a benchmark model of the bulk power
system in the eastern half of Japan, shown in Figure 3.
The grid consists of 137 buses, 30 generators, 31 loads, 30
PVs, and a transmission network connecting the compo-
nents. The tie-line parameters of this EAST30 model is
shown in [The Institute of Electrical Engineers of Japan
Power and Energy (2016)]. The original IEEJ EAST30
model does not contain any PV power plants and we in-
troduce PV power plants to simulate future power grids.
We decide the places of the PV power plants based on
the data that indicate the regions for future PV power
plants of Japan [Ministry of Economy, Trade, and Indus-
try (2017b)]. Each generator is 13-dimensional. Conse-
quently the entire system is 390-dimensional. We assume
that the PV output covers 6% of the total demand. The
PV amount corresponds to the case where 30% of the FIT
introduced amount in Japan is penetrated. The parame-
ters of the supplementary control are determined as

κs = −1, a[k] = 1, ∀k ∈ NG.

Note that the system is stable with the supplementary
control provided that no primary control is added.

Let

L = {1, 2},
I1 ∩ NG = {1, . . . , 5},
I1 ∩ NL = {37, 40, 41, 42, 44},
I1 ∩ NP = {112, 117, 122, 127, 132},
I1 ∩ NN = {31, . . . , 36, 38, 39, 43, 50, . . . , 58, 60, . . . , 68},
I2 = {1, . . . , N} \ I1.

Suppose that a fault happens in the second generator and
the effect of the fault is modeled by an impulsive distur-
bance of the angle of the generator, that is,

x[k],0 =

{
0.1e1 if k = 2,
0 otherwise.

To guarantee the stability we apply the proposed retrofit
control to the power system. The primary controller (30)
for I1 is designed based on H2 optimal control to minimize

J1 :=

∫ ∞

0

(
xT
1Q1x1 + ruT

1u1

)
dt

where
Q1 = qδ,1ê1ê

T
1 + qω,1ê2ê

T
2 + q1I

and êi := 1|I1∩NG| ⊗ ei, 1M is the M -dimensional all-
ones vector, ⊗ is the Kronecker product, ei ∈ R13 for
i ∈ {1, 2} is the canonical basis associated with the i-
th coordination, and qδ,1, qω,1, q1 and r are positive scalar
values. Note that qδ,1 and qω,1 correspond to the angle
and the frequency, respectively. On the other hand, we
suppose that the primary controller for I2 is not added to
the original system. All simulations have been performed
with Matpower [Zimmerman et al. (2011)] on MATLAB.
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Figure 3: PV-integrated IEEJ EAST 30-machine power system.

Figure 4 shows the free responses of all generators’ fre-
quency deviation for t ∈ [0, 50]. Figure 5 shows the re-
sponses with the controller designed based on the single-
machine infinite-bus system for t ∈ [0, 1.5] and it can be
observed that the system becomes unstable. On the other
hand, Figure 6 shows the responses of the closed-loop sys-
tem with the proposed method, where q1, qδ,1 are set to
be 1 and 103, and the weight for control input r = 1 and
the weight for frequencies qω,1 = 107(=: qω,0). We can see
from the figure that the entire system stability is preserved
by our proposed method. Moreover, as shown in Figure 7
that illustrates the responses for t ∈ [0, 0.5], the peak value
is reduced to the value −0.0753 by the proposed method
while the original peak value is −0.0904. To further miti-
gate the peak value, we change the weight for frequencies
by qω,1 = qω,0 × 103 and show the result in Figure 8. As
shown in Figure 9, the peak value is reduced to the value
−0.0505, which is 55% of the original peak value. This re-
sult shows the effectiveness of our proposed retrofit control
for power system stabilization.

Figure 4: Free responses of all generators’ frequencies.

5. Conclusion

In this paper, we have proposed a distributed design
methods for PSSs to improve damping performance of
PV-integrated power grids via retrofit control. Because
power systems into which large amount of PV is pene-
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Figure 5: Responses of all generators’ frequencies with the controller
designed based on the single-machine infinite-bus system.

Figure 6: Responses of all generators’ frequencies of the closed-loop
system with the proposed method when qω,1 = qω,0.

trated are susceptible to disturbance and easily destabi-
lized, it is required to develop a novel method for design-
ing PSS that ensures the stability of the entire system on
the premise of distributed design. While existing prac-
tical methods, such as single-machine infinite-bus based
approaches, do not achieve theoretical assurance of the
stability, retrofit control is a promising approach to fulfill
the requirements. The proposed method is an extension
of the existing retrofit control to be applicable for power
systems. Numerical examples in the simulation through
EAST30 show that the proposed method not only stabi-
lizes the power system, which can be destabilized by a
conventional method based on the single-machine infinite-
bus model, but also enhances the damping performance.
Future works include robust controller design with consid-
eration of modeling error. Another important future work
is to verify the applicability of the proposed method to
more general future power grids that contain other dis-
tributed energy resources, such as energy storage.

Figure 7: Comparison of the responses without control and with the
proposed method when qω,1 = qω,0.

Figure 8: Responses of all generators’ frequencies of the closed-loop
system with the proposed method when qω,1 = qω,0 × 103.
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Appendix

We give the specific expression of the dynamics of the
synchronous generators. We consider three kinds of syn-
chronous generator, namely, thermal power generators, nu-
clear power generators, and hydroelectric power genera-
tors. The subscript k ∈ NG is omitted for simplicity.

The matrices of the synchronous machine expressed
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Figure 9: Comparison of the responses without control and with the
proposed method when qω,1 = qω,0 × 103.

as (3) are given by

Aψ =


−(1+γd)

T ′
do

Kdγd

T ′
do

0 0
1

KdT ′′
do

−1
T ′′
do

0 0

0 0
−(1+γq)

T ′
qo

Kqγq

T ′
qo

0 0 1
KqT ′′

qo

−1
T ′′
qo

 ,

Bψ =


− (Xd−X′

d)(X
′′
d −Xl)

T ′
do(X

′
d−Xl)

0

−X′
d−Xl

KdT ′′
do

0

0
(Xq−X′

q)(X
′′
q −Xl)

T ′
qo(X

′q−Xl)

0
X′

q−Xl

KqT ′′
qo

 ,
BV = [1/T ′

do 0 0 0]⊤,

Cψ =

 0 0
X′′

q −Xl

X′
q−Xl

Kq
X′

q−X′′
q

X′
q−Xl

X′′
d −Xl

X′
d−Xl

Kd
X′

d−X′′
d

X′
d−Xl

0 0

 ,
Dψ =

[
0 X ′′

q

−X ′′
d 0

]
,

γ◦ =
(X◦−X′

◦)(X
′
◦−X′′

◦ )
(X′

◦−Xl)2
,

K◦ = 1 +
(X′

◦−Xl)(X
′′
◦ −Xl)

(X′
◦−X′′

◦ )(X◦−Xl)
, ◦ ∈ {d, q},

where Xd, X
′
d, X

′′
d , T

′
do, T

′′
do are d-axis synchronous reac-

tance, transient reactance, subtransient reactance, and tran-
sient open-circuit. Xq, X

′
q, X

′′
q , T

′
qo, T

′′
qo are similar q-axis

quantities, Xl is a stator leakage reactance (see [The Insti-
tute of Electrical Engineers of Japan (1999)] for the specific
values). Note that all kinds of synchronous generator have
the same parameters in terms of synchronous machine.

For thermal power generators and nuclear power gener-
ators, the matrices of the turbine with governor expressed

as (4) is given by

Aζ =


−5 0 0 0
−5 −5 0 0
0 4 −4 0
0 0 1

9 −1
9

 , Bζ =


125
0
0
0

 ,
Rζ = [0 5 0 0]

T
, Cζ = [0 0 0.3 0.7] .

On the other hand, for hydroelectric power generators, the
dynamics of the turbine with governor is given by

Aζ =


−0.01 −0.25 0 0
− 1

2000 − 2.3
24 0 0

1
7 0 −1

7 0
0 0 2

3 − 2
3

 , Bζ =


−0.25
− 1

80
0
0

 ,
Rζ =

[
0 0 1

7 0
]T
, Cζ = [0 0 − 2 3] .

The dynamics of the excitation system with AVR ex-
pressed as (6) is given by

Aη =

 −5 0 −5
50 −0.5 0
10 −0.1 −2

 , Bη =

 5
0
0

 ,
Rη =

 0
0.5
0.1

 , Cη = [0 1 0] .

Note that all kinds of synchronous generator have the same
parameters in terms of excitation system as synchronous
machine.

For the values of the admittance matrix Y , see [The
Institute of Electrical Engineers of Japan (1999)].
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