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Abstract—In this paper, we propose a method of designing
low-dimensional controllers for interconnected linear systems.
In the proposed method, by implementing an additional low-
dimensional controller, which we call a retrofit controller, to
a preexisting control system, we aim at improving transient
responses caused by a local fault occurring at a specific sub-
system. It is found that a type of state-space expansion, called
hierarchical state-space expansion, is the key to systematically
designing a retrofit controller, whose action is specialized to
controlling the corresponding subsystem. Furthermore, the state-
space expansion enables theoretical clarification of the fact that
the performance index of the transient response control is
improved by appropriately tuning the retrofit controller. The
efficiency of the proposed method is shown through a motivating
example of power system control where we clarify the trade-off
relation between the dimension of a retrofit controller and its
control performance.

Index Terms—Retrofit control, Hierarchical state-space expan-
sion, Model reduction.

I. INTRODUCTION

OST existing control systems consist of different kinds
of physical and artificial dynamical components. For
example, in the frequency control of power systems [1], several
types of centralized control strategies, called load frequency
control and economic dispatch control, are implemented to
stabilize frequency variations over a few dozen minutes, while
those over a few minutes are stabilized by the inherent stability
of physical appliances, i.e., the governor droop control. To
develop such a practically working control system, it would
be desirable to make control systems modifiable in the sense
that additional controllers can be implemented to accomplish
individual objectives in a distributed fashion. In particular, it
is desirable that the additional controllers can be designed
independently of preexisting controllers. Such a property is
relevant to preventing the redesign of additional controllers
when the modification of preexisting controllers is required.
With this background, this paper aims at developing a
method of designing low-dimensional controllers for intercon-
nected linear systems. By implementing a low-dimensional
local controller to a preexisting control system using the pro-
posed method, we seek to improve transient responses caused
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by a local fault, which can be regarded as possible contingen-
cies, such as unexpected disturbances, in a specific area. In this
paper, we model such a local fault as a deviation of subsystem
initial states, called a local state deflection. This additional
control approach enables more tractable handling of possible
contingencies in the sense that several local state deflections
at respective areas can be suppressed in a distributed fashion.
In fact, the notion of intelligent Balancing Authorities [2],
which corresponds to the portfolios of appliances responsible
for local area control, is introduced to suppress the backbone
propagation of faults in power systems control. The proposed
controller is designed such that the resultant entire closed-loop
system is stable for any preexisting controller that stabilizes
the preexisting control system. In this paper, we call this
type of local control for a preexisting control system retrofit
control and the corresponding controller a retrofit controller.
Furthermore, we guarantee the improved transient responses
of the entire closed-loop system as improving the performance
of a low-dimensional local controller, which is involved in the
retrofit controller. These particular properties stem from the
fact that the retrofit controller can be designed independently
of the preexisting controller.

To design such a retrofit controller for transient response
improvement in this paper, we utilize a type of state-space
expansion, called hierarchical state-space expansion [3], [4].
The hierarchical state-space expansion utilizes a projection-
based model reduction technique [5] to generate a redun-
dant realization of interconnected systems having a cascade
structure that enables the distributed design [6] of retrofit
controllers. On the basis of this state-space expansion, we
theoretically show that the performance index of the transient
response control is improved by appropriately tuning the
retrofit controller whose dimension is considerably lower than
that of the whole system to be controlled.

As a demonstration of the effectiveness of our retrofit
control, we perform numerical simulation of the transient
stabilization in power systems control [1]. In this simula-
tion, while supposing the preexistence of a broadcast-type
feedback controller with a sampling and holding time, which
corresponds to a conventional controller for automatic gener-
ation control (AGC), we show that a low-dimensional retrofit
controller implemented to the preexisting control system can
improve the transient response performance for a local fault
at a specific generator. Furthermore, we show the trade-off
relation between the dimension of retrofit controllers and their
control performance, with consideration of the allocation of
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input and output ports for retrofit control.

To clarify our contribution, some references regarding con-
trol system design based on additional compensation are in
order. In [7], a method to improve the transient response of
control systems is proposed on the basis of compensation by
an additional input signal and the selection of initial controller
states. In this method, by regarding the control system as
an autonomous system, the compensation is applied in a
feedforward manner; thus, feedback control for unknown dis-
turbances is not considered. On the other hand, [8] considers
a hierarchical control architecture, where a low-dimensional
model is used to construct an additional input signal such that
the error between the output of the model and its original
system converges to zero asymptotically. However, a hierar-
chical control system is not necessarily easy to implement in
practice because it assumes an exact model reduction, i.e., the
low-dimensional model can exactly reconstruct the original
system behavior the state feedback of the original system.

We give some references regarding control system design
on multiple spatiotemporal scales. From the viewpoint of time
scale separation, we see a similarity between the proposed
transient response control method and a control synthesis
method based on singular perturbation theory [9], [10]. In the
singular perturbation-based approach, an asymptotic expansion
is generally used to analyze the degradation of control perfor-
mance due to the approximation. By contrast, our approach
has the advantage in that, on the basis of the hierarchical
state-space realization having a tractable cascade structure,
we can analytically handle an approximation error of the
low-dimensional model. This redundant realization is different
from those used in [11], [12] in the sense that we use
state-space expansion to derive a cascade realization from
the viewpoints of controllability and observability, whereas
the existing works use it to approximately decouple inter-
connected systems only from the viewpoint of quasi block-
diagonalization. A preliminary version of this paper is found as
[13]. In comparison to that paper, this paper provides detailed
proofs of the theoretical results, as well as analysis of the
performance of the transient response control.

This paper is organized as follows. In Section II, with a
motivating example from AGC, we first formulate the design
problem of retrofit controllers for transient response improve-
ment in a discrete-time setting. Then, in Section III, after
providing an overview of a control system design approach
based on the hierarchical state-space expansion, we give a
solution to the retrofit controller design problem. In particular,
we show that the performance index of transient response
control is improved by suitably tuning the retrofit controller.
Section IV provides an example of the stabilization of fre-
quency variations in a power network. Finally, concluding
remarks are provided in Section V.

Notation: We denote the set of real values by R, the identity
matrix by I, the all-ones vector by 1, the image of a matrix M
by im M, the kernel by ker M, a left inverse of a left invertible
matrix P by PT, the finite-horizon and infinite-horizon Is-
norms of a square-summable vector sequence f; by

T 0o
[ felloorzy Dimo el el = /2220 el

20XX 2

£y
LTI T L

=
T12
'... 1
Saggunanunnn

°,

Fig. 1. IEEE 118-bus test system composed of generators and loads. Each
generator is denoted by the symbol “G” and each load is denoted by the
symbols “1” or “}”. An index is assigned to each of the buses.

the ho-norm of a stable proper transfer matrix G' by

Vi

where || - ||r denotes the Frobenius norm, and the h.,-norm
of a stable transfer matrix G by

1G(2) I, = T IIG(9)]2d8,

IG() I == sup [|G(e”)]
€[0,27]
where || - || denotes the induced 2-norm.

With N = {1,..., N}, we denote the block-diagonal matrix
having matrices M; for ¢ € N on its diagonal blocks by
diag(M;);en. For an index set Z, we denote the matrix
composed of the column vectors of I associated with Z by
er. A map F is said to be a dynamical map if the triplet
(x¢,us,yr) with yz = F(us) solves a system of difference
equations x¢11 = f(xy,u¢) and vy = g(x¢,u;) with some
functions f and g, and an initial value z.

II. PROBLEM FORMULATION
A. Motivating Example from Automatic Generation Control

Let us consider a power system composed of 54 generators
and 64 loads whose interconnection structure is given as the
IEEE 118-bus test system shown in Fig. 1. With the label set
of the generators denoted by G, we suppose that the dynamics
of each generator is described as a rotary appliance [14] of

i€G (la)

where 6; and w; denote the phase angle and the frequency,
respectively, e; denotes the electric torque from other appli-
ances, and u; denotes the mechanical torque input signal. For
the generators, the values of m; and d; are selected from the
ranges of [0.01, 1] and [0.007, 0.01], respectively. Furthermore,
as the measurement output signals, we suppose that the phase
angle 6, and the frequency w; of all generators are measurable.

Similar to the generator dynamics, denoting the label set of
the loads by £, we describe each load dynamics as a rotary
appliance of

0; = wi,  mw; + diw; + bju; +e; =0,

0;=wi, miwi+diw+e;=0, i€l (1b)
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(a) Preexisting broadcast control

(b) Additional local control based on infinite bus model
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Fig. 2. System responses for local fault at generator on Bus 107. The subfigures (a) and (b) plot the frequencies and phase angles of all appliances whose
line colors (blue, green, and red) are compatible with those of the appliance groups in Fig. 1.

for which we select the values of m; and d; from the same
ranges as those for generators. The interconnection among
generators and loads can be represented as

i =2 jen; Yig (05 —0i)

where N; denotes the index set associated with the neigh-
borhood of the ith appliance and Y; ; denotes the admittance
between the ith and jth appliances, the value of which is
given in accordance with [15]. The entire power system (1) is
236-dimensional. In the following, we suppose that each state
variable of generators and loads is defined as a deviation from
desirable equilibria.

We consider a situation where a frequency control mech-
anism, called automatic generation control (AGC), has been
implemented for the stabilization of the power system; see
Section 9 in [16] for an overview of AGC. For the stabilization,
centralized secondary control is often implemented to an area
composed of multiple generators and loads. Let us suppose
a zero-order hold input and a sampled output for controller
implementation. Then, the centralized secondary control can
be represented as

(Ic)

T € [tAt, (t + 1)At)

2
where At denotes the sampling period, ¢ denotes the time
label, x denotes a feedback gain, a; denotes a scaling factor,
and w} denotes another input signal injected to the feedback
system used below. In AGC, the aggregated frequency devia-
tion ), g wj is called an area control error often denoted by
ACE, and the scaling factor a; is called a participation factor,
which is determined based on the level of contribution of the
individual generators to the total generation control [16], [17].
The feedback gain « is usually chosen in an empirical manner
such that the resultant closed-loop system is stable. Note that
(2) without u can be seen as a broadcast-type controller.

It should be noted that the broadcast controller (2) without
u} cannot generally perform accurate control for individual
generators because its input and output signals do not distin-
guish them. In this sense, single use of the broadcast controller
is not generally satisfactory for reducing the impact of a fault,
such as a three-phase fault, at a particular bus. We model such
a local fault as an impulsive change in the initial phase angle
of a particular generator. More specifically, supposing that the

ui(T) = Kai Y g wi(tAL) +ui(7),

fault occurs at the ath generator that we focus on, we model
it as
(0a(0),wa(0))T = b0, a€g 3)

where 6y € R? is unknown. In Fig. 2(a), we plot the transient
state response supposing that a local fault occurs at the
generator on Bus 107; see Fig. 1 for its location. The sampling
period At in (2) is set as 1 [sec], the feedback gain « is set as
0.01, and u; is set as zero. In this subfigure, the frequencies
and phase angles of all appliances are plotted. The colors
of lines are associated with the colors of generator and load
groups in Fig. 1. From this figure, we see that the oscillation of
frequencies and phase angles due to the local fault propagates
to other appliance groups, shown by the red and green lines.

To suppress the propagation of the impact of the local fault,
let us consider implementing an additional local controller that
produces the input signal « in (2) using a couple of generators
as a set of input and output ports. Let us denote the label set
of such input and output port generators by 7. For example,
Jo can be selected as the generators on Busses 104, 107, and
110 in Fig. 1, which are close to the particular generator that
we focus on. In the subsequent analysis, we assume that a
label set J,, is prespecified for the local fault (3).

One simple approach to designing such an additional local
controller is to apply a standard controller design technique,
such as the linear quadratic regulator (LQR) design technique
and the Ho/H -controller synthesis, where the feedback sys-
tem composed of the power system (1) and the broadcast con-
troller (2) is regarded as a controlled plant. More specifically,
representing u' € RI9!, denoting the stacked vector of u; in
(2), as

u' (1) = eg,u(T) (4a)

one can design a dynamical controller that produces the input
signal @ € RIVel as

() = Ka (e, w(tAt)), 7€ [tAt, (t+1)At)  (4b)

where w denotes the stacked vector of w;, and K, denotes
the controller dynamical map. The form of (4a) implies that
u, = 0 holds for all generators such that ¢ ¢ 7, and (4b)
implies that the dynamical controller feedbacks the sampled
measurement of (w;), ez, . This simple approach is, however,
not necessarily reasonable for a large-scale power system
because the dimension of the resultant controller is generally
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comparable with that of the preexisting control system of inter-
est, i.e., the feedback system composed of the power system
(1) and the broadcast controller (2). Moreover, modification
of the broadcast controller, e.g., the tuning of the feedback
gain x, may impose the redesign of (4), because the feedback
system involves (2) as a system parameter.

In reality, a power system controller is often designed based
on the model of an isolated area in a moderate size, where
the remaining area is modeled as an infinite bus [16]. Such
an isolated area model can be regarded as a low-dimensional
model of (1) obtained by neglecting the system properties
of the remaining area and the broadcast controller (2). More
specifically, let Qa C G and ﬁa C L denote the label sets of
generators and loads belonging to the isolated area such that
Ja C Qa. Then, we can describe the low-dimensional model
as

92 =w;, Mmw;+ d;w; + bzu; +e; =0, 1€ Ga (5a)
0; =w;, myw; +diw; +e; =0, i€ L,
whose interconnection is represented as
€i =2 jen; Yij(05 —0:) (5b)

where N; := N;N (@a Uﬁa) corresponds to the neighborhood
of the ith appliance in the isolated area. This low-dimensional
model can represent, for example, the dynamics of the isolated
area depicted by the dashed-line in Fig. 1, which corresponds
to the area composed of Go and L. The application of a
standard controller design technique to such a low-dimensional
model produces a low-dimensional controller in the form of
(4). However, the stability of the resultant closed-loop system
is not ensured in general. In fact, as shown in Fig. 2(b), a
36-dimensional local controller designed by the LQR design
technique induces the instability of the closed-loop system. As
demonstrated in this motivating example, systematic transient
response improvement with a low-dimensional local controller
is not generally straightforward.

B. Description in General Discrete-Time Systems Form

For the subsequent discussion, we describe the power sys-
tem (1) with the broadcast controller (2), which we call a
preexisting controlled system, in a general discrete-time linear
systems form. Without loss of generality, we suppose that the
generator label set G and the load label set £ are given as

G=A{1,...,N},

where N := |G| and M := |L| denote the numbers of gen-
erators and loads, respectively. Furthermore, for convenience
of discussion, we suppose that each load is associated with
a generator, namely the load label set L is partitioned as
L=LU---ULyand L;NL; = () where each £; is associated
with a generator label ¢ € G. Note that any partition can be
allowed without loss of generality in the following discussion.
Then, defining the state vector and the output signal of the ith
subsystem as

c T c
Z; = ((9i7wi)T7 (9j7wj)}—€£i) ) Y, = Wi, (6)

L={N+1,...,N+ M}

respectively, we can represent the power system (1) as an
interconnected system whose ith subsystem has the form of

{ B¢ = ASaS + 3, AYaS + Bou

137
C __ C ,.C
yi = Ciag,

)

which is n; := 2(1 + |£;])-dimensional. The system matrices
AS, A’g"j, Bf, and CY are determined in accordance with the
system parameters and structures of (1), and the input signal
u; in (la) is rewritten by u; for convenience. The superscript
“c” indicates continuous-time system components. With z¢,
u®, and y° denoting the stacked vectors of x¥, uf, and yf, the
entire interconnected system is given as
j,/,C — ACJ;C _|_ BCUC
{ yC J— C’C.,L,C’

where the system matrices are given as A° = (4f;); jeg,
B¢ := diag(BY)icg, and C° := diag(C¥),eg-

The local fault (3) is represented as z%,(0) = ej.200, with
€19 € RMax2 denoting the first and second column vectors of
the n,-dimensional unit matrix. This leads to the domain of
initial conditions associated with the ath subsystem of interest,
denoted as

Ko = {2°(0) : 25,(0) = €120, o € R*}, ®)

which is assumed to be available. Based on the discretization
with the sampling period At in (2), we obtain the discrete-time
system

> { o anrBu g e, ©)
t

= Cxta

where the system matrices are given as

A= eAD B ( A eA“tdt) Be, C:=C-.

This satisfies 2°(tAt) = xz; under the zero-order hold input

u(T) = ug, T € [tAL, (t+ 1)AL).

We denote the dimension of X by n.
For consistency with the composite input signal in (2) with
(4a), we describe the input signal u; in (9) as

ug = v + ez, U, (10

where v; is produced by a preexisting controller and 9; is
produced by a low-dimensional local controller that uses the
input and output ports of 7,. We assume that a preexisting
controller denoted by

K v =K(y), (11)

where KC denotes a controller dynamical map, has been imple-
mented to stabilize the interconnected system 3 in (9), namely

Vi1 = A+ BK(Cfy) (12)

is internally stable. Note that the broadcast controller (2)
without ] is a special case where K is the static map given
as

K(y:) = ﬁdiag(ai)ieg]l]lTyt.

Our objective here is to design a low-dimensional local
controller that can improve the transient response of the
preexisting control system composed of (9), (10) and (11)
using v, in (10) as an input signal.
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C. Low-Dimensional Retrofit Controller Design Problem

Consider a preexisting control system composed of ¥ in
(9) and K in (11) under the composite input signal u; in (10),
where we do not assume a particular system structure resulting
from the power system example. Then, let us formulate a
design problem of a low-dimensional local controller that can
suppress the propagation of the impact of x( belonging to the
prespecified domain X, in (9), which we call the local state
deflection at the ath subsystem. In this paper, we refer to
such a low-dimensional local controller as a retrofit controller
associated with the local state deflection. Without loss of
generality, we assume that x( is contained in the unit ball,
namely

Xo € .)Ea, .)Ea = {iEO € X, : Hl’oH < 1} (13)

We suppose that v; in (10) is produced by the retrofit
controller in the composite form of

Mo+ 00 = Ko 0 Fo (e, 0, 00) (14)
where K, and F, denote dynamical maps to be designed.
The meaning of the composite dynamical map in (14) is
explained as follows. First, F, can be regarded as a dynamical
compensator that performs dynamical filtration of the local
output signal e}a y; while measuring the input signal v; from
the preexisting controller K in (11). This compensator is
implemented to avoid unexpected interference between the
preexisting controller K and an additional controller, whose
dynamical map is denoted by K. For the local state deflec-
tion (13), the design of Kq is performed based on a low-
dimensional model of (9) described as

& { ét+1 = 1‘:1a§ft+3a@t
“ gt = Oégh

where the system matrices fla, Ba, and C’a as well as the
initial condition domain X, can be seen as a set of model

parameters. More specifically, I, is designed such that the
closed-loop dynamics

ét-i—l = Aaét + B(xlaa(éaét)
is internally stable and the control performance criterion

IEelliy < e,

is satisfied with a given tolerance e. We remark that one simple
example of éa in (15) can be found as in (5), but there is a
degree of freedom to find a more suitable low-dimensional
model for the design of K. From this viewpoint, the set of
fla, Ea, C‘a, and 2\?a in (15) can be seen as a design parameter
to construct the retrofit controller 7, in (14).

On the basis of the formulation above, we address the
following retrofit controller design problem.

fo€Xoy,  (15)

(16)

Vo € Xa (17)

Problem: Consider a preexisting control system composed
of X in (9) and K in (11) under the composite input signal wu,
in (10). Find a retrofit controller 7, in (14) associated with the
local state deflection (13) such that the following specifications
are satisfied:

(i) For a low-dimensional model éa in (15), if I@a is
designed such that the closed-loop dynamics (16) is inter-
nally stable, then the entire closed-loop system composed
of 3, K, and 7, is internally stable for any K such that
the closed-loop dynamics (12) is internally stable.

If (17) is satisfied with a given tolerance ¢, then it follows
that

(ii)

VIO S Xa (18)

where i denotes a constant that is dependent on the
design of K but not dependent on the design of 7.
The dimensions of both I@a and ]:'a are less than a given
tolerance number 7 such that 1 < n.

elli, < e,

(iii)

Specification (i) is relevant to the capability that we can
design the retrofit controller independently of the preexisting
controller design. More specifically, the design procedure
of m, does not require information on the system model
of K in (12), while the input signal v; from K is only
used for implementation. Specification (ii) is relevant to the
transient response improvement for the local state deflection.
As designing a dynamical map Ko such that (17) is satisfied
for a smaller tolerance e, we can attain transient response
improvement in the sense of the upper bound (18). Specifi-
cation (iii) is relevant to reducing computational costs for the
design and implementation of the retrofit controller. Note that,
even though one may be able to design a low-dimensional
controller by regarding the preexisting control system as a
controlled plant, the resultant low-dimensional controller does
not generally satisfy Specifications (i) and (ii). This is because
the resultant low-dimensional controller should be a function
of the preexisting controller, meaning that the low-dimensional
controller is required to be redesigned when a preexisting
controller is modified.

This retrofit control is practically reasonable in the sense
that several local state deflections at respective subsystems
can be handled by individual retrofit controllers, which can
be predesigned independently. In Section III, supposing that
Jo 1s given in advance, we perform theoretical analysis to
solve the retrofit controller design problem. Then, through
numerical simulation in Section IV, we investigate how the
selection of J,, as well as the dimension of 7, affects the
transient response improvement for the local state deflection.
In the numerical simulation, we show the trade-off relation
between the dimension of retrofit controllers and their control
performance.

III. RETROFIT CONTROL SYSTEM DESIGN
A. Controller Design Via Hierarchical State-Space Expansion

In this subsection, we provide an overview of the control
system design approach based on state-space expansion, called
hierarchical state-space expansion. It will be found that this
state-space expansion is a key to solving the retrofit controller
design problem in Section II. In the following, for simplicity of
notation, we omit the subscript o, e.g., 7, and J, are denoted
by 7 and J, as long as there is no chance of confusion.

For the interconnected system X in (9) with the composite
input signal u; in (10), we first show the following fact relevant
to retrofit controller design.
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Proposition 1: Let n be a natural number such that 1 < n.
For a left invertible matrix P € R™*"™ and its left inverse
Pt e R"*" define

A:=P'AP, B:=P'Be;, C:=cLCP. (19)
Consider the cascade interconnection of systems
. { Ti41 = A.’Et +B(’Ut +€J@t)
' yr = Cay
. i s (20)
2 . { Ti41 = Ath + PTBUt + Fl't
. g = eLy — Ciy
where I" := PTA — AP, Assume that
imBey Cim P, ker Pt C kere}C. 201

Then, the feedback system of > and ¥ interconnected by

K:v=K(y), K:o,=K(®)) (22)

is internally stable for any combination of feedback controllers
K and K if and only if each of the disjoint feedback systems

Yrp1 = Ay + BK(CYy), &1 = A& + BK(CE) (23)

is internally stable.

Proof: The feedback system of X and $ in (20) under
the interconnection of (22) is given by

Tip1 = /Alxt + BK(Cxy) + Bejl@(e}Cxt — C’:ﬁt)
.’)Al't+1 = A.’i't + PTB,C(C{Et) + Ffﬁt.

From (21), it follows that PB = Bey and CP! = ¢l.C.
Considering the coordinate transformation of

& =PPa+ Piy, & =Pla, —a,

whose inverse is given by

xy =& + P&, & = P'¢, (24)
where PPt + ??T = I, we have
{ £t+1 = Aét + B@(éét) o . (25)
§ev1 = A(§ + PE&) — PAS + BK(C(& + P&y)).

This closed-loop system can be seen as the cascade system

{ A L. @)
£t+1 = Aét + BUt + (AP — PA)gt
with the controllers of

K:v=K(C(&+Pg), K:0,=K(C&), @7

which are equivalent to K and K in (22). Note that, owing
to the cascade structure of (25), it is internally stable for any
combination of K and K if and only if both systems in (23)
are internally stable. Hence, the claim is proven. [ |

In Proposition 1, the feedback controller K in (22) corre-
sponds to the preexisting controller K in (11) that stabilizes
the interconnected system X in (20). On the other hand, K in
(22) can be regarded as an additional controller that stabilizes
the low-dimensional model given by A, B, and C. Note that
the redundant state equation (20) is equivalently transformed

]
ks

Transformed realization

[

Actual realization

—

coordinate
trans.

&l

Fig. 3. Signal-flow diagrams of actual and transformed dynamics.

to the cascade state equation (26) by the coordinate transfor-
mation (24). The essence of the state-space expansion is that
the sum of the states &; and «ft in (26) coincides with the state
x4 in (20). From this viewpoint, the control system design for
the transformed dynamics (26) makes sense also for the actual
dynamics ¥ in (9). We refer to this state-space expansion of
3, which yields the cascade system (26), as the hierarchical
state-space expansion.

The relation between the actual and transformed systems
with the controllers K and K in (22) is depicted in Fig. 3,
where the dynamics of ét and &; in (26) are denoted by =
and =, respectively. From this figure, we see that S in (20)
can be regarded as a compensator that performs dynamical
filtration of the output signal y; sent to the additional controller
K. Because the feedback system on the right of Fig. 3 is
composed of the cascade of two feedback systems, stability
analysis and control performance analysis can be performed in
a systematic manner. In this sense, the hierarchical state-space
expansion has good compatibility with the retrofit controller
design.

It should be noted that, for the implementation of the com-
pensator S in (20), we require an additional output signal I'x
measured from the interconnected system 3, unless P = [
that leads to I" = 0. In general, such a particular signal is not
available due to the limitations of practical sensor allocations.
To eliminate this unrealistic hypothesis, we show the following
fact based on unobservable subspace matching, attained by
selecting P as being compatible with the output ports of 7.

Proposition 2: Consider the compensator 3 in (20) and let
7, denote the output signal §; when z; = 0 is imposed for all
t > 0. For a natural number 7, if

-
ejC’
e}C’A
ker Pt C ker . , (28)
e-"}CAT_1
then it follows that
9 =17, t=01,...7—1 (29)

for any sequences of vy, x¢, and y;.
Proof: From (28), we see that

e CAPPPT =l CAF, k=0,1,...,7 -1

Using this relation iteratively, we have
t t
CAF g, ) = Z(e}CAk - e}C’Ak)xt_k =0

k=1 k=1



IEEE TRANSACTION ON CONTROL OF NETWORK SYSTEMS, VOL. X, NO. X, ... 20XX 7

forallt =0,1,...,7—1. This implies that the input-to-output
map of ¥ from z; to C'z; is zero within the finite-time interval.
Thus, the claim follows. [ |

Proposition 2 shows that, if we select Pt such that (28)
holds, then the implementation of the compensator 3 in (20)
does not require the additional output signal ['z; within the
finite-time interval, as in (29). A specific algorithm to find
a left inverse P satisfying the condition will be provided in
Section III-C2. Note that (28) represents the condition of unob-
servable subspace matching, which leads to Ciy = e}Cxt for
t=0,1,...,7—1, where each Z; and x; obeys the dynamics
of

Ci't+1 = Aii’t + PTB’Ut, Tiyr1 = Al’t + B'Ut

with &g = Pz and a sequence of vy. This output matching
is crucial for observer design based on the low-dimensional
model. The value of 7, which is relevant to the rank of P,
is one of design parameters in the retrofit controller design
described below.

B. Retrofit Controller Design with Performance Analysis

In this subsection, on the basis of Propositions 1 and 2,
we give a solution to the retrofit controller design problem
in Section II. It will be found that the retrofit controller 7 in
(14) is obtained as the composite dynamics of ¥ and K in
Proposition 1.

As shown in Proposition 2, if (28) holds, the input-to-output
map from I'z; to g; of S in (20) is zero within the finite-time
interval [0, 7). This implies that, during the time interval, »
can be implemented as

5 { jtj—l = ATfﬂt +Pj?Ut (30)

Y = eqyt — Ciy,

which corresponds to a state-space realization of the dynamical

map .7:"a in (14). In order to be compatible with the time

interval, let us consider giving the state-space realization of

K in (22) as a switching state feedback controller that is

based on a finite-time output feedback observation. This can
be described as

Zy1 = Az + Bo, + Utﬁ(@t - éit)

K: : A 31
{ U = 0 F2 + (1 —04)G% G

where F, G, and H denote feedback gains designed below,
and o; denotes the switching signal given by

1, t=0,1,...,7—1
gy = 0

otherwise.
The dynamics of Z; aims at calibrating the observation error
based on the finite-time output feedback associated with o}
in (32). The switching controller K in (31) corresponds to a
state-space realization of the dynamical map K4 in (14). Thus,
the retrofit controller 7 in (14) is represented as

(32)

j:t—&-l = Ai’f + PTB’Ut
™ 2t+1 = AZA,’E + B’L@t + ath({e}yt - C(Z?t + .fj‘t)} (33)
f]t = UtFét + (1 — O't)Gét.

This can be seen as the composite dynamics of % in (30) and
K in (31), which are both 7n-dimensional.

For selection of the image of P, let us consider

X +im[Bes ABey --- A" 'Bes] Cim P, (34)

where X is the available domain of the local state deflection
(13), and the value of v can be regarded as another design
parameter. An algorithm to find a left invertible matrix P such
that (34) holds will be provided in Section III-C2. Note that

im [Bej ABej AuilBBJ] CimP

is sufficient to the left condition in (21), and it corresponds to
the controllable subspace matching condition, which leads to
Pz, =ax, fort =0,1,...,v, where each Z; and z; obeys the
dynamics of
Zt41 = A% + By, x441 = Axy + Begiy

with 2y = 0, zg = 0, and a sequence of ;. This controllable
subspace matching is crucial for the transient response im-
provement based on the low-dimensional model. On the other
hand, the inclusion

X CimP, 35)

implies that, for any value of xy € X, there exists some fo
such that

To = Péo (36)

This implies that £, = 0 in (24), or equivalently, the initial
condition of 5], involved in (33), is to be given as £o = 0.
Note that éo is supposed to be unknown. Thus, its dynamical
evolution is to be estimated by the aforementioned finite-time
output feedback observer. Generalization to the case where
X ¢ im P will be given in Section III-D1.

For the switching controller K in (31), the closed-loop
dynamics in the right of (23) is stable if A is stable and the
feedback gain G is given such that A + BG is stable. Under
these suppositions, Proposition 1 shows that the feedback
system composed of the interconnected system 3 in (9), the
preexisting controller K in (11), and the retrofit controller
7 in (33) is internally stable, i.e., Specification (i) in the
retrofit controller design problem is attained. We remark that
the choices of £ and H are not dependent on the closed-loop
system stability because the feedback control with these gains
is switched off for ¢ > 7, but they are relevant to the transient
response improvement relevant to Specification (ii).

For Specification (ii), let us determine the design criteria
for the feedback gains F, G‘, and H in (33). Consider the
fi-dimensional model Z in (15), whose system matrices are
given as in (19). The initial condition domain X is given as

X ={Plzg e R" : 2y € X} (37)

We analyze the ly-norm of & under the implementation of
the switching controller K in (31). To this end, we suppose
that the feedback gains F and H are designed such that the
closed-loop dynamics

ét+1 _ AAA X ABAF o ét 38)
Zt41 HC A+BF-HC || %
satisfies the finite-horizon criteria of
||ét - ’étHlQ[Tfl] S Y1, ||€T - éTH S (517 o ~
. . Vé € X (39)
||Ztle[‘rfl] < 72, ||ZTH < 627 50
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with given tolerances y; and 7, which are relevant to the
finite-time [o-norm, and §; and 2, which are relevant to the
terminal states at ¢ = 7. On the other hand, G is designed
such that the closed-loop dynamics

e = (A+ BG) (40)
satisfies the infinite-horizon criterion of
21, <80 VigelU (41)

with a given tolerance -3, where U denotes the unit ball. See
Section III-C3 below for a way to find desirable F , CJ, and
H. In this formulation, the following performance analysis is
performed.

Lemma 3: Consider the closed-loop system composed of
the 7-dimensional model = in (15) and the switching controller
K in (31), whose system matrices are given as in (19). If the
feedback gains F, G, and H in (33) are designed such that
(39) and (41) hold, then (17) is satisfied with

€= \/ (71 +72)% + (V2001 + 7302)?

where go > 0 denotes the maximal eigenvalue of the positive
definite matrix ) such that

ATQA+1=qQ.

(42)

(43)

Proof: Let é; := ét — Z; denote the observation error. The
closed-loop system of interest is equivalent to

Eri1 A-HC 0 &
5 = A PPN N 44
[%4—1} [ HC A+ BF Zt )
during the time interval of ¢ € [0, 7) and
141 A 0 é
S = oS 45
En]=00 alee]2] @

for ¢ > 7. Note that the [5-norm of ét is decomposed as

T—1 oo
IENE = D UENZ + D 1€l = IEellz oy + 160117,
t=0 t=1

where é{ = EHT. For the first term, we see from (39) that
N€elliafr—1) = (& — véy € X.
In a similar manner, the second term is bounded as

1€l < l1€dlles + 1220

where é, := &4, and %, := Z,,. Note that the norm of
2( = Z, is bounded as in (39). Thus, (41) implies that

Véo 6?&.

20) + Etlliafr—1] < 71+ 2,

120l < 1121 sup (1211, = 7302,
2heu
On the other hand, for the Qbservability Gramian () in (43)
associated with the pair (I, A), we see that

sup ||é;||122 = sup {(éé)TQéB} = qo.
éneu éneu

Because the norm of é = fT — 2%, is bounded as in (39), we
have

lexl7, = 1é- — 2|l sup €41, < Vaod1, Vo € X
é\€
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This proves the claim. [ ]

Lemma 3 shows that the upper bound ¢ in (17) can be found
as a monotone increasing function of the upper bound values
Y1, Y2, V3, 01, and Jp in (39) and (41). This implies that, if we
design the feedback gains F, G, and H as decreasing these
upper bound values, then we can decrease the resultant value
of € in the sense of (42). Note that the observer initial condition
Zp can be fixed as an arbitrary value, which corresponds to an
initial guess of éo. The dynamics of 2, evolves as decreasing
the observation error é; in (44) and (45) based on the finite-
time output feedback of e Jyt In particular, provided that 2y =
fg, (44) and (45) are reduced to the state-feedback system

(A+ BF)z, & =0 (46)

Ziy1 =
where F' = @ is supposed. Thus, the value € in (42) can be

replaced with the upper bound value of

H%”lz <e€ Vi€ ‘)e

for the state-feedback system (46).
For simplicity, let us assume that the preexisting controller
K in (11) is given as a static controller denoted by

K :v, = Fy,, 47)
which guarantees the stability of
Ag := A+ BFC. (48)

Generalization to the case of dynamical preexisting controllers
will be discussed in Section III-D2. Then, we state the
following theorem relevant to Specification (ii).

Theorem 4: Under the composite input signal u; in (10),
consider the entire closed-loop system composed of the inter-
connected system X in (9), the preexisting static controller K
in (47) and the retrofit controller 7 in (33). If the feedback
gains F s é and H in (33) are designed such that (39) and
(41) hold, then (18) holds with ¢ in (42) and

vie = |(2I = Ax)"'(Ax = PPTA)P+ P|, (49
where A is defined as in (48).
Proof: From (24), we see that
|ell, = 1€ + P&l = 1H(Ee) + P&, (50)

where the dynamical map H corresponds to the dynamics of
& in (26) with the control input v, in (27), given by

= Agé& + (Ax — PPYA)PE, & =0.

Considering the z-transformation of z;, we have

gt—&-l

lzelle, = Wik (2)€(2) Iz < Wi ()l 1E(2)Inzy - (5D
where £(z) denotes the z-transform of & and
Wik (z) = (2] — Ag) " Y(Ax — PPTAYP+P. (52
From Lemma 3, we see that 1) Iy = l|Eelli, < € for all
&o € X. Thus, (50) is bounded as in (18). [ |

In Theorem 4, we see that yx in (49) is independent of the
feedback gains F, G, and H. Thus, as long as we appropriately
tune the feedback gains such that € in (42) is decreased, the
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Fig. 4. Sequential implementation procedure of retrofit control. The phase
t < 0 corresponds to a preexisting control system and ¢ > 0 corresponds to
the proposed retrofit control system.

transient response improvement for the local state deflection
is achieved in the sense of the bound (18). Our systematic
performance analysis is fully reliant on the hierarchical state-
space expansion in Section III-A.

Notice that the compensation signal Ciy in the dynamics of
Z¢ in (33) is used only within the finite-time interval associated
with ;. Thus, the computation of the dynamical evolution of
Iy, i.e., the implementation of Y in (30), can be removed after
t = 7. In this sense, the compensator S in (30), involved in
the retrofit controller 7 in (33), can be regarded as a temporal
memory for dynamical filtration of e}yt. Fig. 4 depicts the
sequential implementation procedure of .

The systematic procedure to find a desirable retrofit con-
troller is given as follows.

(a) For a given domain X, in (8), select a set of input and
output ports denoted by 7, in (14).

Fix a natural number 7 corresponding to the dimensions
of an additional controller K, and a dynamical compen-
sator F, in (14).

For the maximal natural numbers 7 and v such that

Tl S0, Il <0 - dim X,

respectively, find P and P' such that (28) and (34) hold.
Check the stability of A in (19). If it is stable, proceed
to Step (e), otherwise return to Step (b) and set a larger
number 7.

Design feedback gains F and H such that the closed-loop
dynamics in (38) satisfies (39) with given tolerances 71,
2, 01, and 2, and design G such that the closed-loop
dynamics in (40) satisfies (41) with a given tolerance ;.
(f) Implement the retrofit controller 7, in (33).

(b)

©)

(d)

(e)

This procedure produces a retrofit controller satisfying (18)
with € in (42) and vx in (49). A way to find P and P in
Step (c) as well as a way to find F, H, and G in Step (e)
will be discussed in Sections III-C2 and III-C3, respectively.
Furthermore, a remark on stability guarantee for Ain Step (d)
will also be provided in Section III-C2.

Finally, we remark on transient response improvement in
comparison with the preexisting control system before the
retrofit control. For simplicity, let us consider the case of
20 = éo, i.e., the state-feedback case of (46), which leads

to
2l = Wi (2) (=1 = (A+ BE) '&l[,..  (53)

where Wi is defined as in (52). In this representation, it
turns out that the ls-norm of z; without the retrofit control
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corresponds to the case of F = 0. Because the minimization
of (53) is a standard LQR design problem, we see that there
exists a feedback gain F such that the ly-norm performance
specification is improved (or at least a feedback gain does
not make it worse). Even though, in principle, we can always
find a minimizer F' as long as we know Wi, the minimizer
depends on the parameters of the preexisting control system.
To avoid redesigning 7 according to the modification of K, it
would be reasonable to suppress the upper bound as in (51).
The design scheme of 7 corresponds to an extreme case where
Wk is supposed to be the all-pass system g 1.

C. Remarks on Implementation

1) Trade-Off Relation between Controller Dimension and
Control Performance: We provide a remark on the trade-off
relation between the dimension of retrofit controllers and their
control performance. The rank of P, which is identical to the
dimensions of 3 in (30) and K in (31), can be regarded as
a design criterion to regulate the degree of transient response
improvement. Indeed, as seen from (28), the value of 7 is
necessarily less than the rank of P. Recall that 7 corresponds
to the width of the time interval, within which the specified
output signal e}yt is fedback to the retrofit controller in order
to decrease the observation error ét — Z4. As a dual argument,
the rank of P is also relevant to the value of v in (34),
which corresponds to the dimension of the subspace that is
controllable by the retrofit controller. Thus, there is a trade-off
relation between the dimension and the control performance,
which will be shown by numerical simulation in Section IV.

2) Projection Matrix Construction Algorithm: For an al-
gorithm to find P and P' such that (28) and (34) hold, the
following biconjugation process can be used. Denote some
desirable coordinates by the sets of vectors u; and v;, which
are given in advance. Our objective here is to find P and PT
such that

7’Uk}L7

where | indicates the orthogonal complement. To this end,
we consider the biconjugation process given by

for which we give p; := u; and ¢ := v1. In [18], it is shown
that piqu = 0 holds for all 7 # j, or equivalently

Q"P=D, D:=diag(p]@)ici1,..k)
pr) and Q == [

im P = span{u,,...,uz}, kerPT =span{v,...

i—1 T
o Ui 95
Di = Uq — Dy,

T
b;v
T . T
j:lquJ

a,  (54)
J

where P := [py - -
follows that

qx|. Furthermore, it

im P = span{uy,...,ugx}, im@ =span{vy,...,vx}.

Thus, this leads to P of interest, whose left inverse is given
as PT =D~ 1QT.

This biconjugation process is closely related to the two-
sided Lanczos procedure in the Krylov projection [5], which
is used to compute the eigenvalues of large matrices as well
as for model reduction. Unfortunately, due to the fact that
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the eigenvalues of A in (19) are uniquely determined by the
selection of the image of P and the kernel of P, the process
in (54) does not necessarily produce a stable matrix A, whose
stability has been assumed in the retrofit controller design.
To resolve this difficulty, as long as X in (9) is originally
stable, it can be expected that a stable approximant would
be obtained when we increase the dimension of A, because
the eigenvalue distribution of A tends to approximate that of
A. The validity of this expectation will be demonstrated in
Section IV numerically. Devising a systematic way to find a
stable minimal approximant is currently under investigation.

3) Feedback Gain Design: Next, we give a remark on
finding feedback gains F, é, and H such that the design
criteria (39) and (41) are satisfied. The problem of finding G
corresponds to a standard LQR design problem, whose optimal
solution can be found via a convex program, e.g., solving a
system of linear matrix inequalities [19]. On the other hand,
because the problem of finding F and H corresponds to a
finite-horizon control problem, to find an optimal solution is
not very simple, but a sufficient solution can be found by
applying an existing method such as in [20]-[22]. Note that,
even though these existing methods may produce time-variant
(or state-dependent) feedback gains, generalization of K in
(31) to such a time-variant feedback controller is straight-
forward because Proposition 1 is valid for any dynamical
controller K stabilizing the closed-loop system in the right
of (23). More generally, the dynamics of K in 31) during the
time interval [0,7) can be replaced with any observer-based
feedback controller

{ Zep1 = fi(a, )

Uy = ﬁt(«’:’t)
such that the criteria of (39) are satisfied for the n-dimensional
model Z in (15).

D. Generalization

1) Relaxation of Inclusive Relation Assumption: In Sec-
tion I1I-B, we have assumed that the domain of the local state
deflection, denoted by X, satisfies the inclusive relation in
(35), which allows the decomposition in (36). To relax this
assumption, let us consider the case of X ¢ im P. Note that,
even in this case, the stability of the entire feedback system
is still guaranteed because the closed-loop system is made
internally stable. In addition, control performance analysis
alternative to Theorem 4 can be carried out in a similar manner.
This is explained as follows. Because the sum of the images
of P and P covers the whole space, there exist some éo and
56 such that zo = P&y + Fé{) for any value of xg. This
corresponds to a generalized version of (36). Then, we can
obtain a bound alternative to (18) as

lzelli, < I AKPE i, + e, Vo € X.

This implies that the state of Pé(’), i.e., the component of
xo lying in the image of P, can never be controlled by the
retrofit controller 7 in (33), whose controllable subspace is
determined by the image of P. Therefore, to improve the
transient response for the local state deflection, it is desirable

{
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Fig. 5. The values of ||wt||;, and ||6¢][;, versus the rank of P.

that the norm of Fég be as small as possible, or equivalently,
that X' is covered by the image of P as much as possible.
Note that the image of P is a function of the selection of
J as shown in (34). Similar to this, the selection of 7 is
also relevant to decreasing the observation error ét — Z;. From
this viewpoint, we can see that the explicit association of the
domain X with the selection of J is essential to improving
the control performance. This aspect will also be demonstrated
in Section IV. We remark that the theoretical analysis above
can be simply generalized to the case where the input ports
and the output ports are not identical.

2) Dynamical Preexisting Controllers: In Theorem 4, we
have assumed that the preexisting controller is static and its
sampling and holding times are equal to the sampling time
of ¥, denoted by At. To relax these assumptions, notice
that Proposition 1 is valid for any dynamical controller K,
regardless of its dimension, its sampling and holding times,
and other details. Thus, we can straightforwardly generalize
the arguments in Theorem 4 to the case where a preexisting
controller is dynamical and its sampling and holding times are
larger than At.

IV. NUMERICAL EXPERIMENTS

For the power system (1) with the broadcast controller (2)
in Section II-A, we consider designing the proposed retrofit
controller to improve the control performance for a local fault
at the generator on Bus 107. In the following discussion, we
compare the response of the retrofit control system by varying
the input and output ports, i.e., J,, as well as the dimension
of the retrofit controller, i.e., the rank of P. In particular, for
comparison with regard to the allocation of input and output
ports, we consider three cases: (i) one generator on Bus 107
is used, (ii) two generators on Busses 107 and 110 are used,
and (iii) three generators on Busses 104, 107, and 111 are
used; see Fig. 1 for the locations of the specified generators.
The retrofit controller provides individual input signals to the
specified generators while measuring their average frequency
as an output signal. The feedback gains F =G and H in
(31) are designed by the LQR design technique, in which
we consider minimizing a quadratic cost with respect to Pét,
which corresponds to the state variable associated with the
local state deflection.
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(a) Retrofit control: Case (i)

(b) Retrofit control: Case (iii)

' . " :
:}4— local fault
[

A

Frequencies

. . . .
54— local fault

Phase angles

10 20 30 40 50 60 70 80 90 -10

Time

10 20 30 40 50 60 70 80 90

Fig. 6. System responses for local fault at generator on Bus 107. The subfigures (a) and (b) plot the frequencies and phase angles of all appliances whose
line colors (blue, green, and red) are compatible with those of the appliance groups in Fig. 1.

We consider giving the initial value 2 in (33) as 2y = Ptz
where 7y denotes a guess of the local state deflection xg.
Note that if it is possible to give the guess as Ty = g, then
we have %, = éo, which corresponds to the ideal situation
where complete information of the state deflection is available.
Complying with the supposition that only the frequency of
the generators is measurable, we associate the elements of Z(
only with the generator frequency identical to those of xy. On
the other hand, because the elements of Zy associated with
the phase angles are not measurable, they are supposed to be
zero. Based on this, we simulate a situation of Zy # éo. The
observation error ét — Z; is to be dynamically decreased by
the finite-time output feedback of e}yt in (33).

In Fig. 5, we plot the values of ||w:|;, and ||6;]|;, ver-
sus the rank of P, which determines the dimension of the
retrofit controller. The lines with asterisks, squares, and circles
correspond to the cases of (i), (ii), and (iii), respectively.
Because A in (19) is not necessarily stable for all P, we plot
the values only when A is stable. Furthermore, to make the
comparison fair, we adjust the scales of weighting matrices
in the LQR design technique such that the norms of resultant
input signals are comparable. From the figure, we find that
the values of |lw:||;, and ||6:]|;, tend to decrease, i.e., the
control performance improves, as the rank of P increases.
Furthermore, we see that the indices of control performance
reach some particular limits, denoted by the dashed lines,
which are obtained when P is of the maximal rank, i.e., P = I.
This result suggests that we should determine the dimension,
as well as the allocation of input and output ports of retrofit
controllers, while also considering the trade-off relation with
respect to control performance.

For the cases of (i) and (iii), we plot the resultant system
responses with the retrofit control in Figs. 6(a) and (b), where
we use P being of rank 39 and 36 for (i) and (iii), respectively.
From these figures, we see that the transient responses improve
as we increase the number of input and output ports for retrofit
control. Furthermore, the propagation of the local fault to
other appliance groups are well suppressed in comparison
to Fig. 2(a), where we use only the preexisting broadcast
controller. In fact, the resultant values of ||w||;, and ||0:]],
are 3.88 and 4.99 in (i), and 2.19 and 2.76 in (iii), which are
less than 8.67 and 15.96 found for the preexisting broadcast
control. These results demonstrate the effectiveness of our

retrofit control.

V. CONCLUDING REMARKS

In this paper, on the basis of the hierarchical state-space
expansion, we have proposed a low-dimensional retrofit con-
troller design method for interconnected linear systems. The
proposed method is practically reasonable in the sense that a
set of local faults can be handled by a set of particular retrofit
controllers, which can be predesigned individually. Further-
more, we do not need to redesign a preexisting controller
that focuses on accomplishing an objective from a global
viewpoint. The efficiency of the proposed method has been
shown through an example of power systems control.

In the controller design based on the hierarchical state-
space expansion, a projection-based model reduction method
is utilized to extract a low-dimensional model that is controlled
by the retrofit controller. Because the sizes of controllable
and unobservable subspaces of the low-dimensional model
increase as the model dimension increases, a trade-off relation
is found between the dimension and the control performance
for local state deflections. Furthermore, the dimension and
control performance are both relevant to the allocation of input
and output ports for retrofit controllers. A theoretical analysis
to appropriately determine input and output port allocation,
associated with individual state deflection scenarios, as well
as the dimension of the retrofit controller is a future work to
pursue.
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